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1. INTRODUCTION 
In this note we prove a generalization of the basic trigonometric 
equation cos(x - y) = cos x cos y + sin x sin y for the eigenfunctions 
of the Laplacian A on a compact Riemannian manifold (Theorem 3.2). 
The equation contains as particular cases the so-called addition formulas 
for spherical harmonics and for Gegenbauer functions; so we will call 
it the addition formula. With the addition formula one can easily bound 
the L,-norm of any eigenfunction of A in terms of its L,-norm (Corollary 
3.3). This bound is sharp and might have some independent interest; 
for instance, this bound, together with Weyl’s formula on the asymptotic 
distribution of the eigenvalues of A, implies a result on uniform converge 
of “Fourier series” that contains part of the well-known Sobolev lemma 
(Corollary 3.4). 
The motivation for deriving the addition formula presented here was 
provided by the need to simplify a type of invariant statistics used in [2] 
for constructing tests of the hypothesis that a given statistical population 
on a compact Riemannian manifold is uniformly distributed. 
In the next section we give definitions and describe some well-known 
facts about the Laplacian on a compact manifold, homogeneous spaces, 
and zonal functions. Section 3 contains the statements and proofs of the 
results just described. 
2. PRELIMINARIES 
Let X be a compact Riemannian manifold, g its metric tensor, p its 
normalized volume element and A its Laplace-Beltrami operator (the 
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Laplacian), --d = div o grad. In local coordinates xi , i = I,..., dim X, 
d is given by 
where gii = g(a/&, , a/ax,), g = 1 det(gJl and (g(j) = (g&l. The 
properties of d that are relevant here are the following: 
(a) d is an elliptic second-order operator (in particular, its eigen- 
functions are in C”“(X)). 
(b) d is self adjoint. 
(c) d is invariant under isometries (given an isometry r,4 of X, $(il) is 
defined as VwfW = wfN-‘w~ d(f) = f O 9). 
(d) The eigenspaces of d [acting on P(X)] are finite dimensional; 
eigenspaces corresponding to different eigenvalues are orthogonal in 
L,(X, p) and the orthogonal sum of the eigenspaces of d is dense in 
WK P)* 
(e) If V(X) is th e volume of X and m is its dimension, and if we 
denote by Nr the number of eigenvalues of d (each counted with its 
multiplicity) smaller than T, then 
$2 T-“Rv, = (27r9” r-1 (1 + 7) V(X) (1) 
(Weyl’s formula). (References: [6], except for (e) which can be found 
in [3]). 
We recall that a Riemannian manifold X is called homogeneous if its 
group of isometries G acts transitively on it. For every x E X, we denote 
by K, the isotropy group of x, i.e., the subgroup of isometries leaving x 
fixed. With this notation we have: 
2.1. DEFINITION. A differentiable function f on X is a xonal function 
with respect to a point x,, E X if it is invariant under Kz, , i.e., if it is 
constant on the orbits of Kz. . 
For instance, on the sphere, the zonal functions with respect to the 
north (south) pole are the ones that are constant on the parallels. 
A Riemannian manifold is two-point homogeneous if for any set of four 
points x1 , y1 , xa , yz with d(x, , rl) = d(x, , yJ, d being the Riemannian 
metric on X, there exists q~ E G such that v(xl) = x2 and &y,) = ya . 
Equivalently, X is two-point homogeneous if and only if, for every 
607/18/r-8 
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x E X, K, acts transitively on the spheres with center at x. Zonal functions 
on two-point homogeneous spaces have a nice characterization: A func- 
tion is zonal w.r.t. x if and only if it depends only on the distance to x 
[l, III-C.I.71. 
3. THE ADDITION FORMULA AND SOME CONSEQUENCES 
First we prove: 
3.1. LEMMA. Let X be a compact homogeneous Riemannian manifold, 
x,, a point in X, and E any eigenspace of A diflerent from @. Then there 
exists one and only one real eigenfunction f E E satisfying: 
(a) f is tonal w.r.t. x0 . 
(9 f (4 > 0. 
(c) f is orthogonal to any function in E vanishing at x0 . 
(4 J-x," + = 1. 
Proof. (Essentially taken from [I, III-C.I.S]). Let us consider the 
following linear form on E: 
W) = f@o) 
Then 4 # 0 because E # (O} and G acts transitively on X (recall that 
E is invariant under the action of G on functions by the invariance of A). 
In particular, dim(ker +)J- = 1. Now, (ker $)’ is invariant under KzO by 
the definition of 4 and so, if f # 0 is in (ker 4)’ and K E Kz. , then 
f(k(x)) = af(x). This g ives f(xJ = uf (x0). But f(xO) # 0 because 
E # {O> and f E (ker 4) 1; therefore, a = 1. Hence, the functions in 
(ker 4)’ are zonal w.r.t. x0. Moreover (ker 4)’ contains real functions 
because A is self adjoint and if 4(f) = 0, also 4(J) = 0. Thus, the only 
normalized real function in (ker 4)’ such that f(xJ > 0 is the unique 
solution for the set of conditions stated in 3.1. Q.E.D. 
Now we can prove the main result. 
3.2. THEOREM (The addition formula.) Let X be a homogeneous 
compact Riemannian manifold and let x,, E X. Let E be any eigenspace of 
A, n = dim E, fi ,..., f, any orthonormal basis of E [in the L,(X, CL) sense] 
andfzO the function in E deJined by Lemma 3.1 for x,, . Then: 
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(4 L,(xo) = nl/’ 
(b) for “WY x, Y E X 
where, for any two points p, q E X, &,p denotes any kvnetyy 
into q; and, in particular 
(4 c If&a” = n 
(3) 
maPPing P 
(4) 
Proof. Let 7~ be the orthogonal projection of L,(X, CL) onto E and let 
its action be defined on Schwartz distributions by duality. Then, 
obviously, for every x E X 
(as usual, 6, is the unit mass at z). So, if ( , )U denotes the scalar product 
of L,(X, p), we have 
Then, the sum on the left of (3) is independent of the choice of the 
orthonormal basis. Hence, if we take an orthonormal basis of E containing 
f 5 , since v commutes with isometries, we obtain 
and also 
= f&o> fz&Lo(Y)) 
In particular, taking x = y in (5) or (5’): 
c I ml” = &(%N2 
(5’) 
(6) 
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and, integrating over X with respect to CL: 
Then (a) is proven, and if we replace the value offz,(xO) in (5), (5’), and 
(6), we also obtain (b) and (c). Q.E.D. 
By the observation at the end of section 2, if X is two-point homo- 
geneous we can replace fz,(~V,z,(x)) in equation (3) by h(d(x, y)), h 
being a uniquely determined real function (h(a) = fzO(x) for every x 
with d(x, x0) = a) and d is the Riemannian distance on X. This is the 
case for the circle and for the sphere where, choosing particular bases, 
(3) becomes the formula for the cosine of a difference and the addition 
formula for spherical harmonics respectively. 
3.3. COROLLARY. Iff E E, then 
IlflL G llfll~,(dim -W2 (7) 
and the equality is attained. 
Proof. Take an orthonormal basis of E containing f 111 f IIL, andQ;p$ 
(4). Again by (3), there is equality in (7) for f = fzo . . . . 
Let now {Xk}TG s , X, = 0, be the different eigenvalues of the Laplacian 
taken in increasing order. One way of defining the Sobolev space of order 
s > 0 of X, H,(X), is this: 
where {fJ is an orthonormal basis of L,(X, p) consisting of eigen- 
functions of d and Ek , A = 1,2 ,..., is the eigenspace of A of eigenvalue 
h,. See, e.g. [4, pp. 150, 157-1581; and [5, pp. 301-3021. 
Using Corollary 3.3 and Weyl’s formula we can prove: 
3.4. COROLLARY. If f E H,(X) for some s > (dim X)/2, then the 
series C(f, f&fi(x) converges uniformly in x E X. 
Proof. As an easy argument involving a sort of Abel summation 
shows, Weyl’s formula (1) implies that CT=‘=, dim Ek/hks < co if and only 
if s > (dim X)/2. Hence 
{(A;” dim Ek)1’2} E Z2 (8) 
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for s > (dim X)/2. By the definition of H,(X), if we denote by rrk the 
orthogonal projection onto Ek , we also have 
for everyf e H,(X). Hence, (8), (9), and Corollary 2.3 give 
< c II ~kfllddim Ek)1’2 
k 
Therefore the Fourier expansion off converges uniformly. Q.E.D. 
On the other hand, if s < (dim X)/2 there are functions for which 
C(f, fi),fi does not converge uniformly. For example, if X is the circle, 
then C R-r(log k)-l cos kx E H,/,(X) but the series fails to converge at 
x = 0. 
Note that since the fi’s are continuous, Corollary 3.4 proves that if 
f E H,(X), s > (dim X)/2, then f is almost everywhere equal to a 
continuous function; this is part of the useful Sobolev lemma [7, 
pp, 174-1751. 
For another application of Theorem 3.2 see [2]. 
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